Abstract. We describe the spectral properties of underdoped cuprates as resulting from a momentumdependent pseudogap in the normal state spectrum. Such a model accounts, within a BCS approach, for the doping dependence of the critical temperature and for the two-parameter leading-edge shift observed in the cuprates. By introducing a phenomenological temperature dependence of the pseudogap, which finds a natural interpretation within the stripe quantum-critical-point scenario for high-Tc superconductors, we reproduce also the Tc − T * bifurcation near optimum doping. Finally, we briefly discuss the different role of the gap and the pseudogap in determining the spectral and thermodynamical properties of the model at low temperatures. 
Introduction
The non-Fermi-liquid behaviour of the normal phase of the cuprates has two major features: (i) nearby optimum doping the in-plane resistivity is linear in T , signalling the absence of any other energy scale besides the temperature;
(ii) in the underdoped regime photoemission and tunneling experiments show that a pseudogap persists well above the critical temperature T c up to a crossover temperature T * [1] . While T c increases with increasing doping, is made however more involved by the presence of the Landau renormalization factors [4] .
Many theoretical models have been proposed to obtain a non-Fermi-liquid behaviour and to describe a pseudogap state. A firm result is however that above one dimension the Landau Fermi-liquid theory is generically stable and a strongly singular effective potential is required to disrupt it [8] . This result, together with the above phenomenology, suggests that a consistent description of the cuprates requires a strong momentum-, doping-, and temperaturedependent effective interaction. This interaction should affect the states near the M points of the Brillouin zone more effectively than along the diagonals and should have the temperature as the only energy scale around optimum doping. It was shown that in strongly correlated systems in the presence of additional attractive interactions (e.g.
the Hubbard-Holstein model) and of long-range Coulomb forces, the exchange of quasi-critical charge (and spin) fluctuations provides such an effective electron-electron interaction both in the particle-particle and in the particlehole channel [9] . Non-Fermi-liquid behaviour and strong pairing mechanism have in this way a common origin.
These fluctuations arise near a finite-temperature instability line T CDW (δ) for charge-density wave or stripe-phase formation, which ends in a quantum critical point (QCP)
at T = 0 and δ = δ c near optimum doping [9, 10] . As shown in Ref. [9] , the effective electron-electron interaction near the charge instability has the form
both in the particle-hole and particle-particle channels.
Here q ≡ (q x , q y ) and ω are the exchanged momenta and frequencies in the quasiparticle scattering,Ũ is a residual repulsion, V is the strength of the attractive effective potential, q c is the critical wave-vector related to the charge ordering periodicity (q c = 2π/λ c ). For physically relevant values of the parameters of the Hubbard-Holstein model q c turns out to be (±0.28, ±0.86) or equivalently (±0.86, ±0.28) [9] . In this case, therefore, q c connects the two branches of the FS around the M points and strongly affects these states. The mass term κ
c is the inverse square of the correlation length of the charge order and provides a measure of the distance from criticality. This is given by δ − δ c in the overdoped region, by T in the quantum critical region around δ c and by
in the underdoped region, where T CDW (δ) sets in a new doping-dependent energy scale closely followed by T * (δ).
The characteristic time scale of the critical fluctuations is γ. The presence of a weak momentum-independent repulsionŨ together with a strong attraction of the order of −V /κ 2 in the particle-particle channel (cfr. Eq. (1) favors d-wave superconductivity approaching optimum doping from the overdoped regime, within direct BCS calculations [10] . In the underdoped regime we expect that precursor effects of charge ordering are relevant to the pseudogap formation and extend up to a temperature T 0 (δ),
(the mean field temperature for CDW formation) higher
The two limiting cases when these precursors dominate the pseudogap formation in a single channel only (either A first possibility is that the pseudogap opens due to incoherent paring in the particle-particle channel, leading to a state where Cooper pairs around the M points are formed at T * T CDW with strong long-wavelength fluctuations. Phase coherence, which characterizes a real superconducting state, is established at a lower temperature T c , by coupling to the stiffness of the pairing near the nodal points [11] .
In this paper we elaborate the other possibility, that the transition to the superconducting state takes place in the presence of a normal-state pseudogap parameter ∆ p resulting from interactions in the particle-hole channel.
The issue arises of the interplay between the preformed pseudogap in the p-h channel and the additional pairing in the p-p channel. Having included most of the anomalous effects in the pseudogap formation, we determine T c via the BCS approach for the pairing in the p-p channel. Our model originates as a simple schematization of a system interacting via the singular effective interaction (1) and is inspired to a similar model proposed by Nozières and
Pistolesi [12] , with the inclusion of some specific aspects of the phenomenology of the cuprates. In Section 2 we discuss the model for the normal-state spectrum in presence of a pseudogap which has a d-wave form with amplitude ∆ p .
Assuming at the beginning a costant ∆ p , we discuss in Section 3 the general properties of our model, devoting a particular attention to the doping and/or temperature dependence of T c , of the LE and of the superfluid density.
In Section 4 we introduce a modulation for ∆ p , to take care of the δ-dependence of the new energy scale set by the T CDW (δ) in the underdoped case. We assume that the pseudogap opens nearby a mean-field temperature T 0 (δ)
for the onset of CDW . T 0 (δ) should follow the doping dependence of T CDW (δ) in the underdoped regime and produce a variation in the density of states, as revealed by NMR and resistivity measurements on several compounds [1] . By a suitable fitting of T 0 (δ), we give at the end a phenomenological description of the phase diagram of the cuprates, together with some physical quantities like the superfluid density, the specific heat and the leading edge.
The model
Within the above scenario, we describe the pseudogap in the normal state by means of a simplified model where a k-dependent separation is present between a valence band and a conduction band, as a result of a k-dependent effective interaction in the particle-hole channel. Differently from Ref. [12] , we adopt a lattice electron model and assume that the pseudogap vanishes at some points of the Brillouin zone. Being interested on very qualitative aspects of the evolution of the pseudogap state, we shall mainly concentrate on a two-dimensional system related to the CuO 2 planes, the third dimension being relevant to establish the nature of the true transition and to cut off the corresponding fluctuations. Accordingly, we model the normal-state spectrum as given by the absolute value of γ k = (cos k x − cos k y )/2, which vanishes along the diagonals of the Brillouin zone.
Since ǫ k vanishes along the lines k y = ±(π ± k x ), the two bands merge at the points k P = (±π/2, ±π/2). In the undoped system the LE has the k-modulation given by the factor γ k . As the system is doped with respect to half-filling, a Fermi surface appears in the form of small pockets around the k P points. The LE, which vanishes along the Fermi surface, evolves thus continuously with respect to the undoped case. This is in contrast with the case of a k-independent pseudogap ∆ p , which leads, in the lattice model, to a large Fermi surface in the doped system, with the chemical potential and the LE which evolve discontinuously with respect to half-filling.
We are aware of the fact that the complicated band structure of the cuprates is not simply fitted by the form (2). For instance, the band structure can be improved by extending the tight-binding expression beyond nearest neighbours. However, this does not represent a severe limitation to our approach, the generalization being straightforward. Moreover, the presence of the pseudogap leads, within our model, to the appearance of small pockets in the weakly doped system. This issue is experimentally controversial, and it seems definitely confirmed that the two branches of each pocket, even when observed [13] , are not equivalent [14] . However, the presence of pockets around the k P points, which result from the oversimplification of our description, is not essential to reproduce the finite LE observed in the single-particle ARPES spectra near the M points, and does not play any significant role in the forthcoming analysis. Therefore, we shall not further discuss this aspect.
The density of states corresponding to the band structure (2) vanishes only at ξ = −µ, and is finite elsewhere, as shown in Fig. 1 . The van Hove singularity which exists at ξ = −µ for ∆ p = 0 is thus split into two singularities
shall assume in most of our calculation, the energy range where the density of states in suppressed is of order 2∆ p .
Having included most of the effects of the anisotropic potential in the k-dependence of the pseudogap ∆ p |γ k |, for simplicity we assume that the onset of superconductivity is produced within a BCS approach by a constant pairing interaction among the carriers in the Cooper channel, apart again from a d-wave modulation. The relevance of the superconductive fluctuations of the phase of the order parameter will be discussed below, in parallel with the analysis of the properties of the superfluid density.
We introduce therefore an intraband interaction term between time-reversed states
where V is the pairing strength, Ω is the volume of the system, c 
where . We point out that, due to the assumed band structure (2), the spectrum is particle-hole symmetric, and doping with electrons leads to the same self-consistent solution, provided the role of the two bands is interchanged.
Adding to the Hamiltonian (3) an interband interaction term, as discussed in Ref. [12] , induces the ∆ η=+1
to be different from zero even at weak-coupling. The two order parameters are generically different, contrary to the assumption of Ref. [12] . Indeed, the solution with one order parameter (∆ η=+1 = ∆ η=−1 ) has a higher free energy, which may become equal under very specific conditions.
General properties of the model
In this section we shall analyze the main outcomes of our model and their dependence on doping δ and on the temperature T . The parameters ∆ p and V at the beginning will be assumed to be temperature and doping independent, and not related to each other. This preliminary study allows us to point out the consequences of the assumed k- 
for ∆ p ≪ 2t. The former limiting case is however not realistic: henceforth we shall definitely assume ∆ p ≪ 2t.
Moreover, in the present scenario, the pseudogap is associated with scattering in the particle-hole channel. Pairing must therefore be absent at half-filling and we assume as the relevant regime for the cuprates V < V c .
Critical temperature Within the BCS approach, the variation of the critical temperature with doping is controlled by the density of states at the Fermi level. At The leading edge The quasiparticle spectrum, both in the normal and in the superconducting state, is characterized by a leading-edge shift LE, which is defined as
to the point symmetries of the system our analysis can be limited to the quadrant 0 ≤ φ ≤ 45
• . In the strong coupling regime the superconducting gap ∆ ≫ ∆ p , so the doping variation of ∆ dominates the evolution of the zero-temperature LE at the M points, which increases approaching optimum doping, following T c , in contrast with the behaviour observed in the experiments in the underdoped regime. In the weak-coupling regime instead the superconducting gap is much smaller than the pseudogap. For δ < δ opt the LE of the superconducting state is controlled by two independent parameters (see Fig. (2) ), whose existence is also suggested by the combination of 1 Within our mean-field treatment the excitations have a well defined energy and this quantity should be more correctly called "one-particle excitation gap". However, by using the term LE we want to put more emphasis on the distribution of spectral weight than on its coherent character, which is an artifact of our description of the cuprates in terms of a semiconducting band structure. [2, 3, 4, 6, 7] . The amplitude at the M points (LE M ) is given essentially by the value of the LE in the normal state, i.e.
ARPES, penetration-depth and Andreev experiments
independent of T c , whereas the slope at the nodes is v ∆ = ∆ 0 (φ = π/4) ∝ ∆ ∝ T c , in agreement with the experimental finding [4, 6, 7] . Note instead that LE M ≈ ∆ for formula:
where f (x) is the Fermi function. ρ s decreases linearly in T at low temperature, as expected in a d-wave superconductor, with a slope determined only by the superconducting gap. For the assumed band dispersion (2) it can be shown that
The slope of the superfluid density at low temperature, heat measurements [16] .
As the temperature is increased, the system crosses over to a regime of higher energy excitations, which sample regions where LE > ∆, and the slope is reduced. This can be seen in Fig. 5 , where the temperature variation of ρ s (T ) in weak and strong coupling is reported. The variation of the slope with respect to its low temperature value is less pronounced in the strong coupling case, where almost the same parameter controls the LE M and the slope of the superconducting gap at the node.
Finally, we consider the doping dependence of the superfluid density. The variation of the ρ s (0) with doping is Phase fluctuations effects have also been invoked to explain the linear-T behaviour of ρ s (T ) [17] . Within a model with pseudogap formation in the p-p channel [11] these effects deserve a careful analysis.
Conclusions and discussion
In conclusion we want to summarize the previous results in closer connection with the phenomenology of the cuprates.
The discussion of the previous section has given some pre- The mechanism for pseudogap formation has not been the main issue in this paper, which focuses on the properties of superconductivity arising in the pseudogap state.
Nevertheless, according to the discussion of Sec. 1, we can imagine that ∆ p (T, δ)γ k schematizes the whole complication of the strong scattering due to quasicritical charge fluctuations in the p-h channel, which arises in the stripe-QCP scenario [9] . We assume that the doping dependence of ∆ p follows the doping variation of the temperature T 0 (T 0 > T * ) at which a first variation in the density of states occurs, as revealed by NMR and resistivity measurements [1] . We adopt the simple relation:
where g(1) = 0, g(0) = 1. g(x) interpolates smoothly between these two limits 2 and c is a constant which we use as a fitting parameter. Since the identification of T 0 (δ) via NMR and resistivity measurements leaves large uncertainty, we decide to refer to the ARPES experiments, which however only provide the temperature T * of LE closure. We proceed in the following way. In the heavily underdoped regime the main temperature dependence of the LE M (at fixed doping) is due to the decreasing of ∆ p with increasing the temperature, rather than to the tem- the optimum doping, as expected in the QCP scenario [9] .
Finally, we interpolate between δ = 0 and δ 0 with the ex- Finally, we report in Fig. 7 the normalized superfluid density ρ s (T )/ρ s (0) as a function of T /T c at various doping. In the overdoped regime, where the pseudogap closes, we recover the standard d-wave mean field result, which seems in a good agreement with experimental data [16] (see the curve for δ = 0.22 in Fig. 7 ). However, in the un- 
